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Abstract
We establish various Hardy-type inequalities for the Dirichlet Laplacian
in perturbed periodically twisted tubes of non-circular cross-sections. We
also state conjectures about the existence of such inequalities in more
general regimes, which we support by heuristic and numerical arguments.
1 Introduction
“I have never done anything ‘useful’. No discovery of mine has made, or is
likely to make, directly or indirectly, for good or ill, the least difference to the
amenity of the world.” This is a quotation from a 1940 essay [12] by British
mathematician G. H. Hardy. Despite of this self-identification as a pure math-
ematician, his work has found important applications in physics, including the
celebrated Hardy inequality [11]
∀ϕ ∈ H10 ((0,∞)) ,
∫ ∞
0
|ϕ′(x)|2 dx ≥ 1
4
∫ ∞
0
|ϕ(x)|2
|x|2 dx . (1)
For instance, using (1) in the radial component of the three-dimensional Lapla-
cian, the inequality directly explains the stability of hydrogen-type atoms in
quantum mechanics.
In a different quantum-mechanical context, Ekholm, Kovarˇ´ık and the last
author employed (1) to prove in [7] certain stability of the spectrum of the
Dirichlet Laplacian in locally twisted tubes
Ω :=

1 0 00 cos θ(x1) sin θ(x1)
0 − sin θ(x1) cos θ(x1)
x1x2
x3
 ∣∣∣∣∣∣ (x1, x2, x3) ∈ R× ω
 . (2)
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Here the cross-section ω is an arbitrary bounded open connected set in R2
and θ : R → R is the twisting angle. Assuming that θ˙ is a compactly sup-
ported continuous function with bounded derivative, the authors of [7] derived
a waveguide-type analogue of (1), namely,
∀ψ ∈ H10 (Ω) ,
∫
Ω
|∇ψ(x)|2 dx− E1
∫
Ω
|ψ(x)|2 dx ≥ cH
∫
Ω
|ψ(x)|2
1 + |x|2 dx . (3)
Here E1 denotes the first eigenvalue of the Dirichlet Laplacian in ω, −∆ωD. The
constant cH is positive if, and only if, θ˙ is not identically zero and ω is not
rotationally invariant with respect to the origin in R2. If Ω is twisted locally in
the sense that θ˙ vanishes at infinity, then the spectrum of the Dirichlet Laplacian
in Ω, −∆ΩD, equals [E1,∞). Consequently, (3) implies that this spectrum is
stable against small short-range perturbations of the Laplacian whenever the
tube is locally twisted so that cH > 0. This is the spectral stability, which has
applications to quantum transport in waveguide-shaped nanostructures.
Various generalisations of the Hardy inequality (3) has been established in
[17, 20, 18]. In addition to the quantum-waveguide context, inequality (3) has
been also applied to the study of the large-time behaviour of the heat equation
in twisted tubes in [20, 10]. Other effects of twisting has been studied in [9, 16,
15, 9, 4, 21, 14, 3].
In this paper, we are interested in the existence of Hardy inequalities in
situations when the tube (2) exhibits a twist which is not necessarily local,
i.e. θ˙ may not vanish at infinity. Indeed, throughout this paper, we assume that
θ˙(x1) = β + ε(x1) , (4)
where β is a real constant and ε : R → R is a (not necessarily small) bounded
function (typically vanishing at infinity).
If ε = 0, then Ω is periodically twisted and the spectral problem can be
solved by a Floquet-type decomposition. It is shown in [9, 4] that, in this case,
σ(−∆ΩD) = [λ1,∞), where λ1 is the lowest eigenvalue of −∆ωD − β2∂2τ in L2(ω),
with ∂τ := x3∂2 − x2∂3 being the transverse angular derivative. We have the
variational characterisation
λ1 = inf
χ∈C∞0 (ω)\{0}
‖∇′χ‖2L2(ω) + β2 ‖∂τχ‖2L2(ω)
‖χ‖2L2(ω)
, (5)
where ∇′ := (∂2, ∂3) stands for the transverse gradient. Here and in the sequel,
we keep the coordinate notation introduced in (2), writing x′ := (x2, x3) ∈ ω
for the “transverse” coordinates, while x1 ∈ R stands for the “longitudinal”
coordinate.
For ε 6= 0 but vanishing at infinity, we always have (cf. [4, Sec. 4.1])
σess(−∆ΩD) = [λ1,∞) , (6)
however, there might be also discrete eigenvalues below λ1. Indeed, it is shown
in [9] that the discrete spectrum is not empty provided that the twist is locally
“slowed down”, i.e., ∫
R
(
θ˙2(x1)− β2
)
dx1 < 0 . (7)
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Recalling (4), this condition is for instance true if βε is non-positive and not
identically equal to zero and ε is small in the supremum norm with respect to β.
Further properties of the discrete spectrum are studied in [4].
Our objective is to show that there are Hardy-type inequalities
−∆ΩD − λ1 ≥ ρ(·) , (8)
with a non-trivial function ρ : R → [0,∞) in opposite regimes to (7). In
particular, there is no discrete spectrum. Note that (3) is a version of (8) if
β = 0, since λ1 = E1 in this case. More precisely, we make the following
conjectures.
Conjecture 1. (8) holds if βε is non-negative and ε is not identically equal to
zero.
Conjecture 2. (8) holds if we replace ε 7→ αε, ε is not identically equal to zero
and the coupling parameter α is sufficiently large in absolute value.
We say that the twist is repulsive if β and ε are such as supposed in Con-
jecture 1. Note that we impose no sign restrictions in Conjecture 2.
Unfortunately, we have not been able to prove the conjectures in the full
generality. In this paper, we establish Conjecture 1 under the additional as-
sumption that the twist is small in a suitable sense. Among the variety of
Hardy inequalities proved below, we point out the following result here.
Theorem 1. Let θ be given by (4), where ε is a bounded function. Assume
βε ≥ 0 and βε 6= 0. Suppose that ω is not rotationally invariant and that
its boundary ∂ω is of class C4. There exist positive constants β∗ = β∗(ω),
ε∗ = ε∗(β, ε, ω) and c = c(β, ε, ω) such that if |β| ≤ β∗ and ‖ε‖∞ ≤ ε∗ then
∀ψ ∈ H10 (Ω) ,
∫
Ω
|∇ψ(x)|2 dx− λ1
∫
Ω
|ψ(x)|2 dx ≥ c
∫
Ω
|ψ(x)|2
1 + |x|2 dx . (9)
The validity of Conjecture 2 is only supported by heuristic arguments and
numerical experiments presented in the following section.
The organisation of the paper is as follows. Section 2 is devoted to mostly
non-rigorous arguments supporting the validity of Conjectures 1 and 2. Various
Hardy inequalities related to Conjecture 1, in particular that of Theorem 1, are
derived in a long Section 3 divided into many subsections. In Appendix A we
give a proof of positivity for a one-dimensional Schro¨dinger operator (cf. Propo-
sition 1) which we use as a support for the validity of Conjecture 2 in Section 2.
Finally, in Appendix B we explain why the tool of Neumann bracketing is not
suitable for the proof of Hardy inequalities in the present setting.
2 Heuristic arguments and numerics
The validity of Conjectures 1 and 2 is supported by the following arguments.
2.1 Thin-width asymptotics
Given a positive number δ, let us denote by Ωδ the tube (2) where ω is replaced
by the scaled domain δω := {δx′ |x′ ∈ ω}. The behaviour of the spectrum of
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−∆ΩδD as δ → 0 has been investigated in [2, 6, 19]. In the last reference it is
proved that the limit
−∆ΩδD − δ−2E1 −−−→
δ→0
−∆R + Cω θ˙2 (10)
holds in a norm resolvent sense after a suitable identification of Hilbert spaces.
Here −∆R denotes the one-dimensional Laplacian in L2(R) with D(−∆R) :=
H2(R) and Cω := ‖∂τJ1‖2L2(ω), where J1 is a normalised eigenfunction of −∆ωD
corresponding to E1. Note that Cω is positive if, and only if, ω is not rotationally
invariant with respect to the origin in R2.
Let λ1(δ) denote the eigenvalue (5) where ω is replaced by δω. Using the
asymptotics λ1(δ) = δ
−2E1 + Cωβ2 + O(δ2) as δ → 0, (10) yields
−∆ΩδD − λ1(δ) −−−→
δ→0
−∆R + Cω (θ˙2 − β2) (11)
in the norm resolvent sense. It follows that (7) is indeed sufficient for the
existence of discrete eigenvalues, at least in the regime of small δ. On the other
hand, no discrete spectrum is expected if the expression θ˙2 − β2 = ε2 + 2βε is
non-negative. This is obviously the case if βε is non-negative (Conjecture 1).
At the same time, replacing ε 7→ αε in (4) and considering the resulting θ˙ in
the potential on the right hand side (11), we end up with the one-dimensional
Schro¨dinger operator
Hα := −∆R + Cω (α2ε2 + 2αβε) (12)
depending on the coupling constant α ∈ R. Under some hypotheses about ε,
Hα has no negative spectrum if the coupling |α| is large enough (Conjecture 2).
This is obvious for ε of the shape of a characteristic function. In general, the
problem is to take into account the small intervals around points where (con-
tinuous) ε vanishes. In Appendix A we prove the following sufficient condition.
Proposition 1. Let ε be a continuous function whose support is a closure of a
finite union of bounded open intervals. Then there exists a non-negative num-
ber α0 depending on β, Cω and properties of ε such that Hα ≥ 0 for all |α| ≥ α0.
The question is to extend these asymptotic results to non-infinitesimally
small δ and to cast the operator positivity to the existence of Hardy inequalities.
2.2 Geometric considerations
The following heuristic argument relies on one’s imagination only. Assume that
the function ε has a piecewise constant profile: ε(x1) = α > 0 if |x1| < x01, with
some positive x01, and ε(x1) = 0 elsewhere.
If the origin of R2 lies outside ω, Ω converges in a geometric sense as |α| → ∞
to the disjoint union of two semi-tubes Ω± := Ω ∩ {±x1 > x01}. By adapting
the proof of Section 3.3, it is easy to see that the spectrum of the Dirichlet
Laplacian in any of the semi-tubes does not start below λ1. Moreover, because
of the presence of the extra Dirichlet conditions at {|x1| = x01} and (1), the
shifted operators −∆Ω±D − λ1 will satisfy a Hardy inequality of the type (8).
If the origin of R2 lies inside ω, Ω converges as α → ∞ to a set composed
of Ω−, Ω+ and a connecting tubular channel of radius dist(0, ∂ω). Again, it
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should be possible to show that the Dirichlet Laplacian shifted by λ1 satisfies a
Hardy inequality in this domain.
The above arguments give a strong geometric support for the validity of
Conjecture 2, at least in the case of the special profile of ε.
2.3 Numerical simulations
Finally, we have performed several numerical experiments to support the validity
of Conjectures 1 and 2. For illustration, let us take a square cross-section
ω = (− 12 , 12 )2 and β = 1. In front of ε in (4), we add the coupling constant
α ∈ R and consider two kinds of profile of ε:
ε1(x1) :=
{
1 if |x1| ≤ 1 ,
0 elsewhere ,
ε2(x1) :=
{
1− |x1| if |x1| ≤ 1 ,
0 elsewhere .
(13)
Our numerical calculations have been done in a finite tube ΩL := Ω∩{|x1| < L}
with L so large that the computed eigenvalues stop to be sensitive to further
enlargements of L.
In Figure 1 we present the dependence of the lowest eigenvalue of −∆ΩLD
on α as the blue curve. The horizontal red line corresponds to the energy λ1,
which is the threshold of the essential spectrum of −∆ΩD, cf. (6). Hence, the blue
curve below the red horizontal line approximates the lowest discrete eigenvalue
of −∆ΩD, while there is just the essential spectrum of −∆ΩD above the red line.
Consequently, the validity of a Hardy-type inequality (8) is expected whenever
the blue curve is strictly above the red line.
We see that the numerical pictures clearly confirm our Conjectures 1 and 2.
Indeed, inf σ(−∆ΩLD ) > λ1 whenever α > 0 (Conjecture 1) or α < α∗ < 0
(Conjecture 2). We approximately have α∗1 ≈ −2 and α∗2 ≈ −3 for the profile ε1
and ε2, respectively. It is remarkable that the critical values of α
∗ are so close
to the smallest values of α for which the sufficient condition (7) applies. Indeed,
(7) yields the existence of a discrete spectrum of −∆ΩD whenever α ∈ (−2, 0)
and α ∈ (−3, 0) for the profile ε1 and ε2, respectively.
Figure 1: Dependence of inf σ(−∆ΩLD ) on α for the two profiles (13) and L = 100.
The horizontal (red) line corresponds to the energy λ1 = inf σess(−∆ΩD).
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3 Hardy inequalities for a repulsive twist
This long section divided into many subsections is primarily intended to estab-
lish a well-arranged proof of Theorem 1, which deals with βε ≥ 0. However,
some of the intermediate results might be interesting on its own and without
this sign (and other) restriction(s).
3.1 Curvilinear coordinates
The very definition (2) gives rise to a diffeomorphism between Ω and the straight
tube R × ω. Passing to the curvilinear coordinates (x1, x2, x3) ∈ R × ω, the
Dirichlet Laplacian −∆ΩD in L2(Ω) can be identified (cf. [17] for more details)
with the operator H in L2(R× ω) associated with the quadratic form
h[ψ] := ‖∂1ψ − θ˙∂τψ‖2 + ‖∇′ψ‖2 , D(h) := H10 (R× ω) . (14)
Here and in the sequel ‖·‖ denotes the norm of L2(R×ω). The associated inner
product will be denoted by (·, ·).
Since θ˙ is bounded, the space C∞0 (R×ω) is a core of h. Henceforth we thus
take an arbitrary
ψ ∈ C∞0 (R× ω) .
Moreover, since H commutes with complex conjugation, we may suppose that ψ
is real-valued.
3.2 Ground-state decomposition
Let χ denote an eigenfunction of −∆ωD−β2∂2τ corresponding to λ1. We choose χ
positive and normalised to 1 in L2(ω). Since we are interested in properties
of H near the threshold λ1 of the essential spectrum, it is useful to make the
decomposition
ψ(x) = χ(x′)φ(x) , (15)
where φ is a C∞0 (R× ω) function actually defined by (15).
It is straightforward to check that
Q[ψ] := h[ψ]− λ1‖ψ‖2
= ‖∂1ψ − ε∂τψ − βχ∂τφ‖2 + ‖χ∇′φ‖2 − 2(∂1ψ − ε∂τψ, βφ∂τχ)
= ‖∂1ψ‖2 + ‖ε∂τψ‖2 + ‖χ∇′φ‖2 + ‖βχ∂τφ‖2
+ 2(∂τψ, βε∂τψ)− 2(∂1ψ, ε∂τψ)− 2(∂1ψ, β∂τψ) .
(16)
Here and in the sequel, we use the same symbol ε (respectively χ) for the
function ε ⊗ 1 (respectively 1 ⊗ χ) on R × ω, and similarly for other functions
that will appear below.
3.3 Positivity for a trivial twist
It is not clear from (16) whetherQ[ψ] ≥ 0 if βε ≥ 0. In fact, the non-negativity is
not completely obvious even for the trivial situation ε = 0 (periodically twisted
tube), but it can be established as follows.
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If ε = 0, then (16) reduces to
Q[ψ] = ‖∂1ψ‖2 + ‖χ∇′φ‖2 + ‖βχ∂τφ‖2 − 2(∂1ψ, β∂τψ) . (17)
We write the mixed term in (17) as follows
− 2(∂1ψ, β∂τψ) = −2(∂1ψ, βχ∂τφ)− 2(∂1ψ, βφ∂τχ) . (18)
By an integration by parts in the first variable, the second term on the right
hand side is equal to zero:
− 2(∂1ψ, βφ∂τχ) = −1
2
β
∫
R×ω
(∂1φ
2)(∂τχ
2) = 0 . (19)
Consequently,
Q[ψ] = ‖∂1ψ − βχ∂τφ‖2 + ‖χ∇′φ‖2 ≥ 0 . (20)
That is, H − λ1 ≥ 0.
Except for ψ = 0 (i.e. φ = 0), inequality (20) is always strict. On the
other hand, (20) becomes sharp asymptotically as N → ∞ when considering
the sequence of functions ψN (x) = φN (x1)χ(x
′), where φN (x1) := 1 if |x1| ≤ N ,
φN (x1) := (2N − |x1|)/N if N < |x1| < 2N , and φN = 0 otherwise. Conse-
quently, H−λ1 is critical in the sense that adding to H−λ1 an arbitrarily small
non-positive smooth potential which is not identically equal to zero leads to the
appearance of negative spectrum. This shows that we cannot have a Hardy
inequality (8) for ε = 0.
3.4 Positivity for a small repulsive twist
Using (19), we rewrite the second line of (16) as follows
Q[ψ] = ‖∂1ψ−ε∂τψ−βχ∂τφ‖2+‖χ∇′φ‖2+2(εφ∂τχ, βφ∂τχ)+2(εχ∂τφ, βφ∂τχ) .
(21)
Note that the last but one integral on the right hand side is non-negative when-
ever βε ≥ 0, in particular for any repulsive twist. We assume this sign restriction
henceforth. The last integral (of indefinite sign) can be estimated by means of
the Schwarz and Young inequalities
2(εχ∂τφ, βφ∂τχ) ≥ −2
∥∥√βε φ∂τχ∥∥∥∥√βεχ∂τφ∥∥
≥ −δ∥∥√βεφ∂τχ∥∥2 − 1
δ
∥∥√βεχ∂τφ∥∥2 , (22)
with any positive δ. Here the first term on the right hand side can be controlled
by the last but one integral on the right hand side of (21). The second term on
the right hand side of (22) can be estimated using the pointwise estimate
|∂τφ| ≤ a |∇′φ| , a := sup
x′∈ω
|x′| , (23)
and controlled by the second term on the right hand side of (21) provided that βε
is small. More specifically, we thus have
Q[ψ] ≥ ‖∂1ψ−ε∂τψ−βχ∂τφ‖2+(2−δ)
∥∥√βε φ∂τχ∥∥2+[1− ‖βε‖∞ a2
δ
]
‖χ∇′φ‖2 .
(24)
Consequently, choosing δ = 2, we conclude with the desired positivity:
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Proposition 2. H − λ1 ≥ 0 provided that βε ≥ 0 and
‖βε‖∞ a2 ≤ 2 . (25)
3.5 Local Hardy inequality
In addition to βε ≥ 0, let us now assume that βε is non-trivial, so that we are in
the situation of repulsive global twist (Hardy inequalities for the local twist, i.e.
β = 0, such as (3) are known, see the introduction). We also strengthen (25) to
‖βε‖∞ a2 < 2 . (26)
Choosing in (24) δ = ‖βε‖∞ a2, neglecting the first term on the right hand side
and recalling the decomposition (15), we get
Q[ψ] ≥ (2− ‖βε‖∞ a2)
∥∥∥∥√βε ∂τχχ ψ
∥∥∥∥2 . (27)
This inequality has been established for any ψ ∈ C∞0 (R×ω), however, by density
it extends to all ψ ∈ H10 (R× ω). It thus represents a Hardy-type inequality (8)
that we state in the following theorem.
Theorem 2. Let βε ≥ 0 and βε 6= 0. Then
H − λ1 ≥ (2− ‖βε‖∞ a2)βε
(
∂τχ
χ
)2
. (28)
It is a local Hardy inequality (cf. [17] for the terminology) if (26) holds,
since ε can be compactly supported in R. Moreover, ∂τχ can vanish in ω.
However, it is important to notice that ∂τχ cannot vanish on a subset of ω with
positive measure, unless ω is rotationally invariant. Indeed, by differentiating
the equation for χ and noticing that ∂τ commutes with ∆
′, the function η := ∂τχ
satisfies the same equation (−∆′ − β2∂2τ )η = λ1η in ω for which the unique
continuation property holds. Finally, let us notice that the function on the
right hand side of (28) can diverge on ∂Ω due to the presence of χ in the
denominator, which makes a resemblance to the classical Hardy inequality (1).
3.6 A very brute estimate
We continue assuming βε ≥ 0 and βε 6= 0. Our objective is to cast (28) into
a global Hardy inequality, i.e. with a right hand side being a positive function
in R × ω. This can be done by employing the presence of ‖∂1ψ‖ and ‖χ∇′φ‖
in (24).
We thus come back to the second equality in (16), employ (19) and further
develop the expression as follows
Q[ψ] = ‖∂1ψ‖2 + ‖εχ∂τφ‖2 + ‖ε∂τχφ‖2 + ‖χ∇′φ‖2 + ‖βχ∂τφ‖2
+ 2
∥∥√βεχ∂τφ∥∥2 + 2∥∥√βε∂τχφ∥∥2 + 4(√βεχ∂τφ,√βε∂τχφ)
+ 2(εχ∂τφ, ε∂τχφ)− 2(∂1ψ, ε∂τχφ)− 2
(
∂1ψ, (ε+ β)χ∂τφ
)
.
(29)
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Using the brute estimates
|2(∂1ψ, ε∂τχφ)| ≤ δ1‖∂1ψ‖2 + δ−11 ‖ε∂τχφ‖2 ,
|2(∂1ψ, (ε+ β)χ∂τφ)| ≤ δ2‖∂1ψ‖2 + δ−12 ‖(ε+ β)χ∂τφ‖2 ,∣∣2(√βεχ∂τφ,√βε∂τχφ)∣∣ ≤ δ3∥∥√βε∂τχφ∥∥2 + δ−13 ∥∥√βεχ∂τφ∥∥2 ,
|2(εχ∂τφ, ε∂τχφ)| ≤ δ4‖ε∂τχφ‖+ δ−14
∥∥εχ∂τφ‖2 ,
with arbitrary positive numbers δ1, δ2, δ3, δ4, we obtain
Q[ψ] ≥ (1− δ1 − δ2)‖∂1ψ‖2 + ‖χ∇′φ‖2
+
∫
R×ω
[
(1− δ−11 − δ4)ε2 + 2(1− δ3)βε
] |φ∂τχ|2 dx
+
∫
R×ω
[
(1− δ−12 )β2 + (1− δ−12 − δ−14 )ε2 + 2(1− δ−12 − δ−13 )βε
] |χ∂τφ|2 dx.
Choosing δ1 = δ2 = 1/4, δ3 = 1/2 and δ4 = 1, the previous inequality reads
Q[ψ] ≥ 1
2
‖∂1ψ‖2 + ‖χ∇′φ‖2 +
∫
R×ω
(βε− 4ε2)|φ∂τχ|2 dx
−
∫
R×ω
(3β2 + 4ε2 + 10βε)|χ∂τφ|2 dx .
Finally, employing the pointwise bound (23), we conclude with
Q[ψ] ≥ 1
2
‖∂1ψ‖2 + c1‖χ∇′φ‖2 + c2
∥∥√βε∂τχφ∥∥2 , (30)
where
c1 = 1− a2 (3β2 + 4‖ε‖2∞ + 10‖βε‖∞) , c2 = 1− 4
‖ε‖∞
|β| , (31)
are positive constants provided that
4 ‖ε‖∞ < |β| < 2
a
√
23
. (32)
This is a condition on the smallness of both the global periodic twist β and its
local perturbation ε.
3.7 An auxiliary transverse problem
For any number  ∈ R, define
µ := inf
φ∈C∞0 (ω)\{0}
‖χ∇′φ‖2L2(ω) + 2‖∂τχφ‖2L2(ω)
‖χφ‖2L2(ω)
. (33)
Consider the quadratic form
q[φ] := ‖χ∇φ‖2L2(ω) + 2‖∂τχφ‖2L2(ω) , D(q) := C∞0 (ω) ,
in the Hilbert space L2(ω, χ(x′)2dx′) and denote by q˜ its closure. Then µ is the
lowest point in the spectrum of the self-adjoint operator h in L
2(ω, χ(x′)2dx′)
associated with q˜. Our objective is to show that µ is positive unless  = 0 or ω
is rotationally symmetric with respect to the origin.
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Lemma 1. Let ∂ω be of class C4. There exists a positive constant 0, depending
on the geometry of ω, such that for all || < 0, h is an operator with compact
resolvent.
Proof. Let us introduce the unitary transform
U : L2(ω, χ(x′)2dx′)→ L2(ω) : {φ 7→ χφ} ,
which is well defined because χ is positive in ω. Then h is unitarily equivalent
to the operator hˆ := UhU
−1 in L2(ω). The latter is the operator associated
in L2(ω) with the quadratic form
qˆ[ψ] := q˜[U
−1ψ] , D(qˆ) := UD(q˜) .
Notice that the space C∞0 (ω), which is a core of q˜, is left invariant by both U
and U−1. For any ψ ∈ C∞0 (ω), by integrating by parts, it is easy to verify
qˆ[ψ] = ‖∇ψ‖2L2(ω) + (ψ, V ψ)L2(ω) ,
where
V :=
∆χ
χ
+ 2
(
∂τχ
χ
)2
.
Without the potential V , qˆ would be just the form associated with the Dirichlet
Laplacian −∆ωD in L2(ω). The form domain of the latter is H10 (ω), which is
compactly embedded in L2(ω). It is thus enough to show that V is a relatively
form bounded perturbation of −∆ωD due to the stability result [13, Thm. VI.3.4].
To do so, we use several facts:
(i) By standard elliptic regularity theory (see, e.g., [8, Sec. 6.3]), we have χ ∈
H4(ω). Consequently, ∇χ ∈ H3(ω) and ∆χ ∈ H2(ω). Using the Sobolev
embedding [1, Thm. 5.4] H2(ω) ↪→ C0(ω), we thus have ‖∆χ‖∞ <∞ and
‖∂τχ‖∞ ≤ a‖∇χ‖∞ <∞.
(ii) For any domain ω such that ∂ω is of class C2, there exists [5, Lem. 4.6.1]
a positive number α0 such that χ ≥ α0d, where d(x′) := dist(x′, ∂ω).
(iii) For any strongly regular domain ω, which is in particular satisfied under
the present smoothness assumption, the Hardy inequality −∆ωD ≥ c0/d2
holds true [5, Sec. 1.5].
Using (i)–(ii), we have∣∣∣∣∫
ω
∆χ
χ
ψ2
∣∣∣∣ ≤ ‖∆χ‖∞α0
∫
ω
ψ2
d
≤ ‖∆χ‖∞
α0
(
δ
∫
ω
ψ2
d2
+ δ−1
∫
ω
ψ2
)
,∣∣∣∣∣
∫
ω
2
(
∂τχ
χ
)2
ψ2
∣∣∣∣∣ ≤ 2 ‖∂τχ‖2∞α20
∫
ω
ψ2
d2
,
for any ψ ∈ C∞0 (ω) and δ > 0. Finally, using (iii), we deduce∣∣∣∣∫
ω
V ψ2
∣∣∣∣ ≤ b‖∇ψ‖2L2(ω) + C‖ψ‖2L2(ω) ,
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where
b :=
1
c0
(
δ
‖∆χ‖∞
α0
+ 2
‖∂τχ‖2∞
α20
)
, C := δ−1
‖∆χ‖∞
α0
.
Hence, by taking δ and  small enough, V is a relatively form bounded pertur-
bation of −∆ωD with the relative bound b less than one.
Proposition 3. Under the hypothesis and notation of Lemma 1, µ > 0 for
every || ∈ (0, 0), unless ω is rotationally symmetric.
Proof. If || < 0, the spectrum of h is purely discrete. In particular, the
spectral threshold µ is an eigenvalue and the infimum (33) is attained by a
corresponding eigenfunction φ ∈ L2(ω, χ(x′)2dx′), i.e.,
µ =
‖χ∇φ‖2L2(ω) + 2‖∂τχφ‖2L2(ω)
‖χφ‖2L2(ω)
.
Assuming µ = 0, it follows that ‖χ∇φ‖L2(ω) = 0 and ‖∂τχφ‖L2(ω) = 0. From
the first identity, since χ is positive, we deduce that φ is constant. Putting
this result into the second identity, we conclude with ‖∂τχ‖L2(ω) = 0, which is
possible only if ω is rotationally symmetric with respect to the origin.
3.8 Uniform positivity in the cross-section
We come back to (30) and choose the parameters ε, β and a in such a way
that c1 and c2 are positive. Note that the constants c1 and c2 can become only
more positive if ‖‖∞ further diminishes. Employing the definition (33) and
Fubini’s theorem, we get
Q[ψ] ≥ 1
2
‖∂1ψ‖2 +
∥∥√µψ∥∥2 , (34)
where
µ(x) := c1 µ(x1) with (x1) :=
√
c2
c1
βε(x1) .
Let ω be different from a disc or annulus. Let |ε| be non-trivial and so small on
a bounded interval I ⊂ R such that |(x1)| < 0 for almost every x1 ∈ I. Then
we know by Proposition 3 that x1 7→ µ(x1, x′) is non-trivial and non-negative
on I (by definition, µ(x) is independent of x′ ∈ ω). Consequently,
Q[ψ] ≥ 1
4
‖∂1ψ‖2 + ν‖ψ‖2L2(I×ω) , (35)
where ν is the lowest eigenvalue of the one-dimensional operator − 14∆IN + µ
in L2(I). Note that ν is positive because the potential µ is non-trivial and
non-negative. Summing up, we have established the following crucial result.
Theorem 3. Let βε ≥ 0 and βε 6= 0. Suppose that ω is not rotationally
invariant and that its boundary ∂ω is of class C4. In addition to (32), assume
that there exists a bounded interval I ⊂ R such that
0 < |β(x1)| < c1
c2
20 for a.e. x1 ∈ I , (36)
where c1, c2 are the constants depending on a, |β| and ‖ε‖∞ introduced in (31)
and 0 is the number depending on the geometry of ω from Lemma 1. Then (35)
holds for every ψ ∈ H10 (R× ω) with a positive number ν.
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Notice that (35) is equivalent to the operator inequality
H − λ1 ≥
(− 14∆R + ν χI)⊗ 1 , (37)
where χI is the characteristic function of I and the right hand side employs
the Hilbert-space identification L2(R × ω) ' L2(R) ⊗ L2(ω). In particular,
whenever ν is positive, we get another local Hardy-type inequality
H − λ1 ≥ ν χI×ω . (38)
3.9 Global Hardy inequality
It is known how to deduce from (37) a global Hardy inequality with help of the
classical result (1) (see [16] or [14, Sec. 7.2]). For the convenience of the reader
and self-consistency, we repeat the procedure here.
Theorem 4. Under the hypotheses of Theorem 3, there exists a positive con-
stant c depending on β, the geometry of ω and properties of ε such that
H − λ1 ≥ c
1 + x21
(39)
holds in the form sense in L2(R× ω).
Proof. Let x01 denote the centre of the interval I. The main ingredient in the
proof is the following Hardy-type inequality for a Schro¨dinger operator in R×ω
with a characteristic-function potential:
‖ρψ‖2 ≤ 16 ‖∂1ψ‖2 + (2 + 64/|I|2) ‖ψ‖2L2(I×ω) (40)
for every ψ ∈ H10 (R × ω), where we denote ρ(x) := 1/
√
1 + (x1 − x01)2. This
inequality is a consequence of (1). Indeed, following [7, Sec. 3.3], let η be the
Lipschitz function on R defined by η(x1) := 2|x1 − x01|/|I| for |x1 − x01| ≤ |I|/2
and 1 otherwise. For any ψ ∈ C∞0 (R × ω), let us write ψ = ηψ + (1 − η)ψ,
so that (ηψ)(·, x′) ∈ H10 (R\{x10}) for every x′ ∈ ω. Then, employing Fubini’s
theorem, we can estimate as follows:
‖ρψ‖2 ≤ 2
∫
R×ω
(x1 − x01)−2 |(ηψ)(x)|2 dx+ 2 ‖(1− η)ψ‖2
≤ 8 ‖∂1(ηψ)‖2 + 2 ‖ψ‖2L2(I×ω)
≤ 16 ‖η∂1ψ‖2 + 16 ‖(∂1η)ψ‖2 + 2 ‖ψ‖2L2(I×ω)
≤ 16 ‖∂1ψ‖2 + (2 + 64/|I|2) ‖ψ‖2L2(I×ω) .
By density, this result extends to all ψ ∈ H10 (R× ω) = D(Q) = D(h).
By Theorem 3, we have
Q[ψ] ≥ 1− δ
4
‖∂1ψ‖2 + δ
4
‖∂1ψ‖2 + ν‖ψ‖2L2(I×ω)
for every ψ ∈ H10 (R×ω) and δ ∈ (0, 1], where ν is a positive number. Neglecting
the first term on the right hand side and using (40), we get
Q[ψ] ≥ δ
64
‖ρψ‖2 +
(
ν − δ
32
(1 + 32/|I|2)
)
‖ψ‖2L2(I×ω) .
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Employing the positivity of ν, we choose δ = min{1, 32ν/(1+32/|I|2)} and thus
obtain
H − λ1 ≥ c
′
1 + (x1 − x01)2
with c′ = δ/64.
To conclude with (39), we set
c := c′ min
x1∈R
1 + x21
1 + (x1 − x01)2
,
where the minimum is a positive constant depending on x01.
In view of the unitary equivalence between H and −∆ΩD and since the lon-
gitudinal coordinate x1 is left invariant by the rotation matrix in (2), (39) is
equivalent to the operator inequality
−∆ΩD − λ1 ≥
c
1 + x21
in the form sense in L2(Ω), with the same constant c. This establishes Theorem 1
as a consequence of Theorem 4 by noticing that |x1| ≤ |x|, where, with an abuse
of notation, |x| stand for the magnitude of the radial vector in R3 ⊃ Ω.
A Absence of eigenvalues in a one-dimensional
problem
In this appendix we give a proof of Proposition 1. Redefining β and ε in (12),
we may assume, without loss of generality, that the constant Cω is equal to 1
and consider in L2(R) just the Schro¨dinger operator Hα := −∆R+Vα, D(Hα) =
D(−∆R) = H2(R), with the potential
Vα := (αε+ β)
2 − β2 = α2ε2 + 2αβε .
We make the hypothesis that ε : R → R is a continuous function of compact
support and β ∈ R. Since the sign of β is not restricted, we may assume, again
without loss of generality, that the coupling parameter α is positive. We prove
Proposition 1 by considering the operator Hα in the limit as α→∞.
The support of ε is a closure of a countable union of bounded open inter-
vals In. Let H
In
α be the operator in L
2(In) that acts as Hα inside In and satisfies
the Neumann boundary conditions at ∂In. That is, H
In
α = −∆InN + Vα, where
−∆InN is the Neumann Laplacian in L2(In). Clearly,
inf σ(Hα) ≥ min
{
0, inf
n
inf σ(HInα )
}
. (41)
Here inf σ(HInα ) is just the lowest eigenvalue of H
In
α , since the latter is an op-
erator with compact resolvent. Our strategy to prove Proposition 1 is to show
that each inf σ(HInα ) is positive for all sufficiently large α.
We shall need the following auxiliary result.
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Lemma 2. Let −∞ < a < a′ < b′ < b < +∞. Then[−∆(a,b)N + αχ(a′,b′)]−1 s−−−−→α→∞ [−∆(a,a′)ND ]−1 ⊕ 0⊕ [−∆(b′,b)DN ]−1 ,
where D,N stand for the Dirichlet and Neumann boundary conditions at the
respective parts of the interval and the direct-sums are with respect to the de-
composition L2((a, b)) ' L2((a, a′))⊕ L2((a′, b′))⊕ L2((b′, b)).
Proof. Given F ∈ L2((a, b)), let ψα := [−∆(a,b)N + αχ(a′,b′) + 1]−1F . It satisfies
the weak formulation of the resolvent equation∫ b
a
v¯′(x)ψ′α(x) dx+ α
∫ b′
a′
v¯(x)ψα(x) dx+
∫ b
a
v¯(x)ψα(x) dx =
∫ b
a
v¯(x)F (x) dx
(42)
for every v ∈ H1((a, b)). Choosing v = ψα, we get∫ b
a
|ψ′α(x)|2 dx+ α
∫ b′
a′
|ψα(x)|2 dx+
∫ b
a
|ψα(x)|2 dx =
∫ b
a
ψ¯α(x)F (x) dx ,
from which we deduce
‖ψα‖2H1((a,b)) + α ‖ψα‖2L2((a′,b′)) ≤ ‖ψα‖L2((a,b))‖F‖L2((a,b)) .
It follows that {ψα}α>0 is a bounded family in H1((a, b)) and therefore pre-
compact in the weak topology of this space. Let ψ∞ be a weak limit point
as α → ∞. That is, for an increasing sequence of positive numbers {αk}k∈N
such that αk →∞ as k →∞, {ψαk}k∈N converges weakly in H1((a, b)) to ψ∞.
In fact, we may assume that it converges strongly in L2((a, b)), because the
embedding H1((a, b)) ↪→ L2((a, b)) is compact. Dividing by αk, we also see that
‖ψαk‖2L2((a′,b′)) −→ 0
as k →∞. Consequently, ψ∞ = 0 on [a′, b′] (recall the embedding H1((a, b)) ↪→
C0([a, b])). In particular, ψ∞ satisfies the Dirichlet boundary conditions at a′, b′.
Choosing in (42) a test function v that vanish on [a′, b′], restricting to the
subsequence ψαk and taking the limit k → ∞, we get that ψ∞ is a solution to
the boundary-value problem
−ψ′′∞ + ψ∞ = F in (a, a′) ∪ (b′, b) ,
ψ′∞ = 0 at a, b ,
ψ∞ = 0 at a′, b′ .
We have thus verified ψ∞ =
[−∆(a,a′)ND ]−1F⊕0⊕[−∆(b′,b)DN ]−1F . The same limit
is obtained for any weak limit point of {ψα}α>0. Consequently, ψα converges
strongly in L2((a, b)) to ψ∞ as α→∞, which was to be proved.
Since the resolvents of Lemma 2 are compact, we get convergence of eigen-
values, in particular:
Corollary 1.
inf σ
(−∆(a,b)N + αχ(a′,b′)) −−−−−→α→+∞ min
{(
pi
2(a′ − a)
)2
,
(
pi
2(b− b′)
)2}
.
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Now, recalling (41), fix n and consider the lowest eigenvalue inf σ(HInα )
of HInα . Let I
′
n be any open subinterval of In such that I
′
n ⊂ In. Then there
exist positive constants cn = cn(β, ε  I ′n) and αn = αn(β, ε  I ′n) such that
Vα ≥ cn α2 on I ′n for all α ≥ αn. At the same time, Vα ≥ −β2 on the whole
interval In. Consequently,
HInα ≥ −∆InN + cn α2 χI′n − β2 χIn\I′n ,
where on the right hand side there is an operator to which Lemma 2 and its
Corollary 1 apply. It follows that, choosing I ′n in such a way that |In \ I ′n| is
sufficiently small, we get that inf σ(−∆IN + cn α2 χI′n) will be larger than β2 for
all sufficiently large α, and thus inf σ(HInα ) positive.
In general, the problem is that the constants measuring the largeness of α
depend on n, so that we have no uniform control over the infimum appearing
in (41). This problem of course does not appear under the hypothesis of Propo-
sition 1 that the support of ε is just a closure of a finite union of open intervals
(recall that in general it is just a countable union). Therefore we get the desired
result under this extra assumption.
B The Neumann bracketing lowers the spectrum
too much
For the straight tube (i.e. β = 0 = ε), imposing an extra Neumann condition at
{x1 = 0} does not change the spectrum of the Dirichlet Laplacian in Ω. This fact
is used in [17, 20] to go from the positivity of H −E1 for a locally twisted tube
(i.e. β = 0) to the Hardy inequality (3). In this appendix we demonstrate that
this trick does not seem to be useful for periodically twisted tubes (i.e. β 6= 0)
investigated in this paper. Indeed, by imposing the supplementary Neumann
condition at {x1 = 0}, one creates a spectrum below λ1 in (6).
Imposing the “Neumann condition” at {x1 = 0} of the tube (2) means that
one considers instead of H the operator HN which is associated in L2(R × ω)
with the form hN that acts as h in (14) but has a larger domain
D(hN ) := D− ⊕D+ ,
where D+ (respectively, D−) denotes the set of functions from H10 (R × ω) re-
stricted to (0,∞)×ω (respectively, (−∞, 0)×ω). Obviously, H ≥ HN . However,
this comparison is not much useful in view of the following result.
Proposition 4. Let β 6= 0 and ε = 0. Then
inf σ(HN ) < λ1 .
Proof. The proof is based on the variational idea to construct a test function
ψ ∈ D(hN ) such that
QN [ψ] := hN [ψ]− λ1‖ψ‖2 < 0 .
First, we check that QN can be made asymptotically vanishing for a suitably
chosen sequence of test functions. Let ϕ : R → R be a smooth function such
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that ϕ(x1) = 1 for x1 ∈ [−1, 1] and ϕ(x1) = 0 for |x1| ≥ 2. Given any natural
number n ≥ 1, set ϕn(x1) := ϕ(x1/n). Note that ϕnχ ∈ D(h) ⊂ D(hN ). Then
QN [ϕnχ] = ‖ϕ˙nχ‖2 − 2(ϕ˙nχ, βϕn∂τχ) = ‖ϕ˙n‖2L2(R) =
1
n
‖ϕ˙‖2L2(R) −−−−→n→∞ 0 .
Here the second equality follows by an integration by parts and the normalisa-
tion of χ. Next, we add a small perturbation
ψ(x) := ϕn(x1)χ(x
′) + δ φ(x) ,
where δ is a small real parameter and φ ∈ D(hN ) will be specified later. Choos-
ing φ real-valued, we can write
QN [ψ] = QN [ϕnχ] + 2 δ Q
N (φ, ϕnχ) + δ
2QN [φ] . (43)
Now we specify
φ(x) := ρ(x1)τ(x
′)χ(x′) , where τ(x′) := − arctan x3
x2
is the angular variable and ρ is a real-valued function supported in [−1, 0] such
that ρ(0) 6= 0. Note that φ belongs to D(hN ), although it does not belong
to D(h). Integrating by parts in transverse variables and employing the eigen-
value equation χ satisfies, it is easy to check
QN (φ, ϕnχ) = (∂1φ, ϕ˙nχ)− (∂1φ, βϕn∂τχ) + (βφ, ϕ˙n∂τχ) .
Since ρ is supported in the interval where ϕn = 1, the first and last integrals on
the right hand side equal zero. Integrating by parts in the remaining integral
and using the normalisation of χ, we conclude with
QN (φ, ϕnχ) = −(∂1φ, βϕn∂τχ) = −βρ(0)
∫
ω
τχ∂τχ =
βρ(0)
2
.
To fix the sign of the result, let us choose ρ(0) = −β. Then the mixed term on
the right hand side of (43) is negative and independent of n for all positive δ.
Moreover, the sum with the last term can be guaranteed to remain negative by
choosing δ sufficiently small. Finally, we choose n sufficiently large in order to
make the sum of all terms in (43) negative.
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